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Abstract. Li-Zinger's hyperplane theorem states that the genus one GW- 
invariants of the quintic threefold is the sum of its reduced genus one GW- 
invariants and 1/12 multiplies of its genus zero GW-invariants. We apply 
the Guffin-Sharpe-Witten's theory (GSW theory) to give an algebro-geometric 
proof of the hyperplanc theorem, including separation of contributions and 
computation of 1/12. 

1. Introduction 

GW-invariants of a smooth projective variety X are virtual enumeration of stable 
maps to X. Let d <E Hz(X : Z), and let M g (X, d) be the moduli of genus g stable 
morphisms to X; it is a proper, separated DM-stack, and carries a canonical virtual 
cycle [M g (X, d)] v ". When X is a Calabi-Yau threefold, this class is a dimension 
zero class, and the degree d genus g GW-invariants of X are 

N g (d) x = deg{M g (X,d)}™. 

Investigating GW-invariants of Calabi-Yau threefolds is one of the main focus in 
the subject of Mirror Symmetry. The subclass of genus zero invariants is largely 
known by now, thanks to the works of [Ko, Gi, LLY], in case the Calabi-Yau 
threefold X is a complete intersection in a product of projective spaces P, which 
can be realized as an equivariant integral of the top Chern class of a vector bundle 
Eo )C ; on the moduli of stable morphisms to P: 

(1-1) [M (X,d)] vil = f_ c top (E Q , d ). 

J[M (f,d)] 

We call this property the "hyperplane property of the GW-invariants" . The tech- 
niques developed in [Gi, LLY] allow one to completely solve the genus zero invariants 
for such X. 

Generalizing this to high genus requires new approach, in part because the hy- 
perplane property stated fails for positive genus invariants. In [LZ] Zinger and the 
second named author introduced the reduced g — 1 GW-invariants Ni(d) r Q d of the 
quintic Q C P 4 by applying the hyperplane peoperty to the primary component of 
Afi(P 4 ,d), and proved that the reduced g — 1 GW-invariants Ni(d)g d relates to 
the ordinary GW-invaraints N%(d)Q by a simple linear relation. 

In this paper, we give an algebraic proof of this theorem. 

Theorem 1.1. (Li-Zinger) The reduced and the ordinary GW-invariants of a quin- 
tic Calabi-Yau Q C P are related by 

= N^d) 1 ^ + ±N (d) Q . 
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In algebraic geometry, the reduced genus one GW-invariants of quintics take 
the following form. Let / : C — > P 4 and n : C — > Mi(F 4 ,d) be the universal 
family of M^P 4 ,^); let M^P 4 ,^^ C Mi(P 4 ,cZ) be the primary component that 
is the closure of all stable morphisms with smooth domains. We then pick a DM- 
stack X VV1 and a proper birational morphism ip : X w i — > Mi(P 4 ,d) pr j so that with 
/ P ri : Cp r i — > P 4 and 7r pr i : C pr ; — > X w i the pull back of (/, 7r) , the direct image sheaf 

*pri*/pri°P 4 ( 5 ) 

is locally free on X vrl . According to [VZ], (see also [HL1],) such ip exists. We state 
the working definition of the reduced invariants of Q. 

Definition 1.2. We define the reduced g = 1 GW-invariants of Q be 

(1-2) ^lWQ d = / C top (7T pri */ p * ri P 4(5)). 

To prove Theorem 1.1, one needs to separate (M g (Q, d)] vlv into its "primary" 
part and its "ghost" part. One then shows that the "primary" part can be evaluated 
using (1.2), and shows that the "ghost" part contributes multiple of the genus 
zero GW-invariants. 

The original proof of this theorem uses analytic method, which succeeds the 
desired separation by perturbing the complex structure of Q to a generic almost 
complex structure, through hardcore analysis [Zi2] . 

The proof worked out in this paper uses the Guffm-Sharpet-Witten's invariants. 
The GSW invariants originates from GufBn and Sharpe's pioneer work in [GS]. 
Later an algebraic geometric treatment is given and GSW invariants can be realized 
as the GW-invariants of stable maps with p-field developed in [CL1]. Since the 
structure of the moduli of stable maps to P 4 with fields is much easier to analyze, 
it allows us to separate the "primary" and the "ghost" contributions algebraically. 
We are confident that this method can be pushed to higher genus GW-invariants 
of quintics and other complete intersections of product of projective spaces. 

We now outline our proof. Given a positive integer d, we form the moduli 
Mi(P 4 ,<i) p of genus 1 degree d stable morphisms to P 4 with p- fields: 

M 1 (p\d)p = {[u,c, P ] | [u,C\ elifP 4 ^), P er( u *o, 4 (-5)® Wc )}/~. 

It is a Deligne-Mumford stack, with a perfect obstruction theory. The polyno- 
mial w = x\ + . . . + x\ (or any generic quintic polynomial) induces a cosection 
(homomorphism) of its obstruction sheaf 

(1.3) cr : Objj i ^ d)p > Ojg^i^jp, 

whose non-surjective locus (called the degeneracy locus) is 

Mi(Q, d) c Mi(P 4 , d) p , Q = {x\ + ... + x\ = 0) c P 4 , 

which is proper. The cosection localized virtual class construction of Kiem-Li de- 
fines a localized virtual cycle 

(For convention of cosection localized virtual cycles, see discussion after (2.6).) The 
GW-invariant of M 1 (P i ,d) p is 

iVx« 4 =deg[M!(P 4 ,d)P]™. 
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Theorem 1.3 ([CL1]). For d > 0, the GW-invariant of M \(F 4 , d) p coincides with 
the GW-invariant Ni(d)Q of the quintic Q up to a sign: 

A^i« 4 = (-l) 5d -7Vi(rf) Q . 

By this theorem, to prove Theorem 1.1 it suffices to study the separation of the 
cycle [Mi(P 4 , Following [VZ] and [HL1], we perform a modular blowing-up 

y of Mi(P 4 ,d) p . The blown- up y is a union of 3-pri, which is birational to the 
primary component of Mi(P 4 ,d), and other smooth components y^, indexed by 
partitions fi of d: 

3> = 5 7 gstU(u Alh(i j> AI ). 

Geometrically, general elements of 3Vi are stable morphisms in Mi(P 4 ,d) having 
smooth domains; general elements of y^ (with fi — (di, ■ ■ ■ , de)) consist of 

(1) . stable morphisms [u,C] £ Mi(P 4 ,ci) whose domains C are smooth elliptic 
curves attached on with t rational curves, and the morphisms u are constant along 
the elliptic curves and have degree di along the i-th rational curves; 

(2) . ap-field V G r(C, u*0(-5) <g> u c ), and 

(3) . auxiliary data from the modular blowing-up. 

Let V be the Artin stack of pairs (C, L) of degree d line bundles L on arithmetic 
genus one nodal curves C. We perform a parallel modular blowing-up of V to 
obtain V — > T>. The pullback of 0(1) via the universal morphism on y induces 
a morphism y — > T>. By working out the relative perfect obstruction theory of 
3^ — >• V, we obtain its obstruction complex Ey^. The intrinsic normal cone 
of y ->• Z> is embedded in h 1 / h° (E y /f) ) . 

By picking a homogeneous quintic polynomial, say + • • • + xjj , we construct 
a cosection (homomorphism) a : h 1 /hP(Ey^) — > y . By a cosection localized 
version of [Cos, Thm 5.0.1] we have 

(1-4) deglM^PVHf = degOl^C^]. 

Using the explicit local defining equation of y, which is obtained following the 
work of [Zil, ?], we conclude that the cone Cy/f, is separated into union 

[C j)/ d = [Cpn]+E[ C M] J 
fi\-d 

where C pr i is an irreducible cycle lies over 3^ gs t; each C M lies over 3V Thus 
(1-5) degO^jC^] - 0^ iloc [C pri ] + Vj0^ loc [C^]. 

fi\-d 

In Section four, we show that 0- loc [C pr i] equals the reduced GW-invariant de- 
fined in (1.4); in Section six, we show that 0^ loc [C M ] = for all partitions \i ^ (d), 
where (d) is the partition of d into a single block, and finally in Section seven, we 

prove that 0^ loc [C (d) ] = t^f-N (d) Q . Together with (1.4), (1.5) and Theorem 1.3, 
we prove the main Theorem 1.1. 

The authors' original (algebro-geometric) approach to prove Theorem 1.1 is to 
introduce an auxiliary substack of Mi(P 4 , d) to capture the contribution ^N\(d)Q. 
Using this, the authors showed that the union of this auxiliary substack with the 
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primary component of Mi(P 4 ,d) contains M\{Q,d), and has (in principle) a per- 
fect relative obstruction theory, thus it has the "hyperplane property" induced by 
the relative obstruction theory. However, the theories developed to study the defor- 
mation theory of the union of this auxiliary substack with the primary component 
of Mi(P 4 ,d) were far from satisfactory, and were never finalized. 

After the discovery of the GW-thcory of stable maps with p- field (Guffm-Sharpe- 
Witten invariants) and its equivalence with the GW-invariants of quintics, we use 
the new moduli spaces and their localized virtual cycles to provide the current 
proof of Theorem 1.1. We expect that this approach can be generalized to prove 
a conjecture of Zinger and the second named author on high genus reduced GW- 
invariants of quintics and other complete intersection Calabi-Yau threefolds in the 
product of projective spaces. For instance, the partial blowing-up of moduli of 
genus two stable maps to P™ [HL2] should lead to a proof of this conjecture for the 
genus two case. 

Acknowledgement. The authors thank B. Fantechi, A. Kresch, Y-B. Ruan, 
R. Vakil and A. Zinger for helpful discussions and explanations of their results. 
The first author also thanks A. Tanzini and G. Bonelli for introduction to mirror 
symmetry. The first named author is partially supported by Hong Kong GRF 
grant 600711. The second named author is partially supported by NSF-0601002 
and DARPA HR0011-08-1-0091. 

2. Moduli of stable morphisms with fields 

We recall the moduli of stable morphisms with fields and its associated invariants 
introduced in [CL1]. To simplify the notation, we will focus on the genus one case. 

We begin with the moduli of stable maps. Let Mi(P 4 , d) be the moduli of genus 
one degree d stable maps to P 4 . In this paper, we abbreviate it to X := Mi(P 4 ,rf), 
with 5=1 and d implicitly understood. We denote by 

(/*,**) :C X ^P 4 x X 

its universal family of X. 

We recall the definition of the Moduli of stable morphisms with fields. 

Definition-Proposition 2.1. We let Mi(P 4 ,d) p be the groupoid that associates 
to any scheme S the set Mi(P 4 , d) p (5) of all S-families (Cs, fs,"4>s) where (1). 
[CsJs] G M 1 (P i ,d)(S), and (2). ip s G T{C S , /s<3(-5) <g> u Ca /s)- An arrow from 
(Cs,fs,ips) to (C' s ,f s ,tp' s ) consists of an arrow r) from (C s ,fs) to (C' s ,f' s ) such 
that rj*(ip' s ) = ips- 

The groupoid Mi(P 4 ,d) p is a separated Deligne-Mumford stack of finite type. 

In [CL1], this moduli space is constructed as the direct image cone over the the 
Artin stack of pairs of curves with line bundles. Let V be the groupoid whose 
objects r £ T)(S), S is a scheme, are pairs (C T ,£ T ), where ir T : C T — > S is a fiat 
family of genus one connected nodal curves and £ T a fiberwise degree d line bundle 
on C T ; an arrow from t to r' in V(S) consists of an S- isomorphism <f>\ : C T — >• C T > 
and an isomorphism (f> 2 : £ T — > 4>\£t>- Note that the invertible sheaf Lx '■= /a"0(1) 
on Cx induces a tautological morphism X — > T>. 

We let 7r : C — > V with L on C be the universal curve and line bundle of V; we 
introduce an auxiliary invertible sheaf O 3 = £ (gl ( _5 ) ® u c /v- We define the direct 
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image stack 

(2.1) c(7r,(£ e5 ®y)) 

to be the category whose objects in C(n* (£® 4 ©5 > ))(S') consists (C T ,L T ,Ui, ip), where 
t G T> (S) with 7r T : C T — > S and L T on C T its associated families, (ui, ■ ■ ■ ,u§) G 
r(7r T *£® 5 ) and ip G r(7r T *5' r ). An arrow from (C T ,L T ,Ui,ip) to (C T ', £ T ', w-, i/'') 
(over the same S) consists of an arrow t — >• r' in X^S 1 ) plus the identity of (ui, tjj) 
with the pullback of (u^ip') under the mentioned arrow r — » r'. By construction, 
C(7r >t (£® 5 © ?)) is a stack over P. 

For simplicity, in this paper we abbreviate y = Mi(P 4 ,d) p , with g — 1 and d 
implicitly understood. Like before, we let 

(fy,ny):C y ^¥ 4 xy, iJj y eT(C y ,y y ) and = #Q(-5) ® w Cy/y 

be the universal family of ^. We denote £ y = /J0(1). After fixing a homogeneous 
coordinates [zi, • • • , Z5] of P 4 , the morphism /y is given by (uy,i), uy,i = fyZi- The 
data (Cy,£y,uy,i,Vy) induces an open embedding M 1 (P 4 , d) p -> C(7r*(£ 05 ©T)). 
We let p be the composite 

p-.y = M 1 (v 4 ,d) p cCiTr^L® 5 ®y)) ^v. 

After working out the obstruction theory of C{tt^{L® 5 © IP)) relative to 2? (cf. 
[CL1, Prop 3.1]), we obtain a perfect relative obstruction theory (of y — V T>) 

(2.2) 4>y/v '■ {Ey/vY — > L y/v^ E y/v : = R'ny*{£y © 7>y). 

In the same spirit, a relative perfect obstruction theory of X — > V (cf. [CL1, Prop 
2.5 and 2.7]) is (denoting L x = f x O(l)): 

(2.3) <t>x/v '■ (Ex/v) V — > L' x / V , E x /t> ■= R'n x *L x 5 . 
According to the convention, we call the cohomology sheaf 

Ob y/v := H\E y/v ) = R^y^Lf © 9y) 

the relative obstruction sheaf of 4>y/v- 

Since y is non-proper, we use Kiem and the second named author's cosection 
localized virtual class to construct its GW- invariants. In [CL1], the authors have 
constructed a cosection of Oby/ v ; namely, a homomorphism 

(2.4) a : Ob y/v — ► Oy, 

based on a choice of a quintic polynomial, say w = x\ + • • • + x\ . It was verified 
in the same paper that this cosection lifted to a cosection a : Ob y — > y of the 
(absolute) obstruction sheaf Ob y , where Ob y is defined by the exact sequence 

p*Q% — > Ob y/v — > Ob y — > 0. 

It was also verified that the degeneracy locus D(a) of er, which is the locus where 
a is not surjective, is the closed subset 

(2.5) D(a) = Mi(Q,d) C M x (P 4 , df = y. 

Here Q = (w = 0) c P 4 is the smooth Calabi-Yau quintic defined by the vanish- 
ing of the quintic polynomial w = x\ + ■ ■ ■ + x\ used to construct the cosection 
a; Mi(Q,d) is the moduli of stable morphisms to Q, and the embedding is via 
the tautological embedding M\(Q,d) C Mi(P 4 ,d) composed with the embedding 
Mi(P 4 , d) C y = Mi(P 4 , d)P defined by assigning V = 0. 
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The cosection a induces a morphism of bundle-stack (see [BF] for bundle stacks) 

(2.6) a : h'/h^Ey^) — ► y 

that is surjective over U = y — D(a). (By abuse of notation, we use the same <r; 
also, we use Oy to denote the rank one trivial line bundle on y.) We let 

h l /h°{E y/v )„ = (h l /h°{E y/v ) x y D(<j))L)kcY{a\ u : h 1 /h°(E y/v )\ u -> U }, 

endowed with reduced stack structure. 

Applying [KL] on cosection localized virtual class, we know that the intrinsic 
normal cone (cycle) [Cy/p] £ Z^h 1 /h°(Ey / V ) lies in 

(2.7) [Cy /V ] E Z*h>lh\Ey IV ) a - 

applying the localized Gysin map 

0^ : AX/h°(E y/v ) a — > A*- n D{&), 
where — n — i&nkEy/v, we obtain a localized virtual class 
(2-8) := 0l, oc [Cy/v} G A D(a) = A Mi(Q, d). 

We define its degree to be the GW-invariants of stable morphisms to P 4 with fields: 

= deg[y}™. 
This is well-defined since M\(Q,d) is proper. 

Theorem 2.2 ([CL1]). Let Ni(d)Q be the GW-invariants of genus one degree d 
stable morphisms to Q, then we have 

ATi« 4 = (-l) 5d iVi(d)Q. 

We remark that this Theorem holds for all genus g. For our purpose, we only 
state in the case g = 1. 

We will use the modular blow-up of X = M(P 4 , d) to study Ni(d)p 4 . The version 
we use is that worked out by Hu and the second named author [HL1], following the 
original construction of Vakil-Zinger's modular blow-up of the primary component 
of*[VZ]. 

Let Ai w be the Artin stack of weighted genus one curves. (A weighted nodal 
curve is a nodal curve with its irreducible components assigned non- negative weights; 
the sum of the weights of all irreducible components is called the total weight.) Re- 
placing L (of the universal family (C,L) of T>) by its degrees along irreducible 
components of fibers of C — > T>, we obtain an induced morphism T> — > A4 W . Let 

(2.9) X^M W , y^M w 

be the composites of X, y ->■ V with V -> M w . 

Let M w be modular blow up of _M W described in [HL1]. (Since we do not need 
the explicit form of this blow-up in this paper, we will be content to describe the 
consequence of this blow-up.) We define the modular blow-up of X and y to be 

X = Xx M ~M w , y = y Xa4w M w , and V = V Xa4 w M w . 

We denote C y = Cy Xy y and let f y : C y — > P 4 be the composition of fy with 
C y -> Cy. We call {f y ,n y ) : C y ->■ P 4 x y the tautological family of y. 
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Let £ : y — > y be the projection. Since y is derived from y by a base change, 
we endow the relative obstruction of y — > V the pullback of that of y — > 2? : 

( 2 - 10 ) <Ay/D : (^/c) V ► ^/C' = CEy/ V . 

Thus, Obyjf, = (*Oby/T>; the cosection <r pullbacks to a cosection 

(2.11) cr = o ■ Ob y/i> -+ o y , 

and the degeneracy locus 

D(a) = D{a) x y y = Mi(Q, d) x^w .M w , 

which is proper. We define /i 1 /h°(E y parallel to that defined after (2.6). Then 
by (2.7), we have 

i c y/t>] e z * hl / h °( E y/T>)v- 
We define [y]J" c = 0' a loc [C y ^] e AqD(<t) to be the cosection localized virtual 
class. 

Proposition 2.3. We have identity 

deg[y]™=deg[y]™ = (-l) M 7V 1 (rf) Q . 

Proof. We offer two proofs. The first is to use Theorem 2.2 and to prove deg [y]™ c = 
deg [y]foc' the later is proved using the cosection localization version of [Cos, Thm 
5.0.1], and that T> — > T> is a birational morphism between two smooth Artin stacks. 

The second proof is to show that deg [y]™ c = deg[,Y] vlr , which can be proved 
parallel to the proof of deg [y]i" c — deg[A"] vlr worked out in [CL1], and with 
deg[*] vir = deg [X] v " using [Cos, Thm 5.0.1]. 

Since both proofs are repetition of the known proofs with routine modifications, 
we skip the details. □ 

3. The decomposition of cones 

Following [HL1], we know that the blown- up X is a union of smooth Deligne- 
Mumford stacks: one is the proper transform of X wl C X , which we denote by 
X w i] the others are indexed by partitions /i of d, denoted by X^. Geometrically, 
a generic element of X wl is a stable morphism whose domain is smooth; a generic 
element of X^ of /i = (d\, ■ • ■ ,di) is a stable morphism whose domain is £ rational 
curves attached to a smooth elliptic curve so that the stable morphism is constant 
along the elliptic curve and has degree di along the i-th attached rational curve. 

The corresponding stack y has similar structure. First, we have the induced 
projection 

p-.y^x. 

we let y a = y x x ^oi where a — pri or /i h d; we denote X ss t — U^hd^^ C X and 
y g st = U^ d % (4xi X gst ). Thus 

(3.1) X = X pli UX gst and y = y pii u y gs t ■ 

We group the property of this decomposition as follows. 

Proposition 3.1. For any closed y £ y , we can find an etale neighborhood X — > X 
of x = p(y) £ X , an embedding X into a smooth affine scheme Z , and an embedding 
Y := X x x y ->■ Z' := Z x A 1 , such that 
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(1) let pz ■ Z' = Z x A — >• Z be the first projection; then Y — >■ X commutes 
with pz : Z' — > Z; 

(2) there are regular functions Z\,...,z\ and G T(Oz), ^ N, such that 
all subschemes [z,i — 0), and (w^ = 0) C Z are smooth; further, let w = 

w^, then (z\ ■ ■ ■ Z4 ■ w = 0) C Z has normal crossing singularities; 

(3) there is a smooth morphism Z — > Ai w so that the composite Y — > Z — > A4 W 
is identical to the composite Y — > y — > _M W ; further, locally the functions 

are pullbacks of functions on M w ; 

(4) let t G T(Qz') be the pull back of the standard coordinate function 0/A 1 via 
Pa 1 : Z' — > A 1 ; then as subschemes of Z' , Y = (w ■ zi<i<4 = w ■ t = 0) 1 ; 
^pri = {zi<i<4 = t = 0); % = {Wp = 0), and Y sst = (w = 0); 

(5) identify Z = Z' (~1 (t = 0); i/ien as subschemes of Z, X = Y H (i = 0); 
^ P ri = ^pri, * M = ^ n (t = 0); 

Proof. Recall that the proof of the structure result of X carried out in [HL1] is by 
deriving the local defining equation of X , which was originally derived by Zinger 
using analytic method. The derivation of such defining equation relies on solving 
the following resolution problem: Let S be a scheme and ps '■ Cs —> S be a flat 
family of nodal arithmetic genus one curves together with an invcrtible sheaf £>s 
on Cs so that its restriction to closed fibers C s , s G S, are generated by global 
sections; one then finds an explicit complex of locally free sheaves of Os-modulcs 
that is quasi- isomorphic to R*ps*Ls- 

Once such explicit complex is found, using that deforming a stable map u : C — > 
P 4 amounts to deforming the data (C,L,u\, ■ ■ ■ ,115) (up to equivalence) of a pair 
of a line bundle on a curve and sections Uj G F(C,L), we obtain the local defining 
equation of X (cf. [HL1]). 

Deriving the resolution property of R*ps*£s is an elementary problem in alge- 
braic geometry. It was done in [HLI] as follows: Suppose S as before is a scheme; 
s G S is a closed point so that C SQ = E U R is a union of a smooth elliptic curve 
and a smooth rational curve, and Ls[e — Oe and £>s\r is ample. Let £ G r(Os) 
be such that (£ = 0) is the locus where Cs is nodal. Then after shrinking S if 
necessary, we have quasi-isomorphism of derived objects 

R'ps^s = q .i. [Os ^ o s ] © [Of r — > 0], 

where r = deg £ \c„ ■ 

We now derive the local defining equation of y. Since deforming a closed point 
([it, C], ip) G y is equivalent to deforming (C, L,Ui,ip) up to equivalence, where 
(C, L, Ui) is as before and ip G T(C, L®( -5 ) <g) uc), we need to have, for the family 
(Cs — > S,£>s) as before, the resolution property of R'ps*(£:g 5 © L®S~ 5 ^ <g>w Cs /g). 
Like the case for R'ps*£s, this case can be derived from the simple case where 
C So = E U R and £>s\e - Ob as before. In this case, by [HLI], 

R'ps.Lf * q .i. [Os Os] © [Of r — ► 0]. 
By Serre duality, we obtain 

R'ps-^s ( ~ 5) ® "cs/s = q .i. [Os ^ Os] © [0 — ► Of 5r ]. 



We use to • zi<i<4 = to mean ui ■ 21 = ■ ■ ■ = w ■ 24 = 0. 
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Since it is a direct sum of [Os — ► Os] with a shift of a locally free sheaf, the proof 
of [HL1] can be adopted line by line to the case of y to prove the statement of the 
Lemma. Since the details are parallel, we will omit the details here. □ 

Corollary 3.2. All X a and y a , where a — pri or /i h d, are smooth; the tautological 
projection y a — > X a is an isomorphism (resp. an ^-bundle) for a = pri (resp. 
a = n h d). 

Lemma 3.3. Let C-p^ C h 1 /hP(Ey^) be the intrinsic normal cone embedded via 
the obstruction theory 4>y/-i> 

ofy^v. 

(1) Away from 3^gst, it is the zero section of h 1 / 'h c \Ey /f>)\y-y gst - 

(2) Away from y p m, it is a rank two subbundle stack of h 1 /h°(E y /i>)\y-y pli - 

Proof. We consider the morphism 

p-.y^v. 

By the previous Proposition and Corollary, we know that both y — y gst and the 
tautological morphism y — y gst — > are smooth. Since the morphism fyiCy—> 
P 4 has positive degree along the (minimal) genus one subcurves of the fibers of 
Cy\y-y t "~ * 3^ — 3^ g st, one checks that p\y-y gst : y — Jgst — » 2? is also smooth. 
Therefore, Cy/vly-y t IS ^ ne zer0 section of h 1 /h (E y ^)\y_ y ^ t . 

For y — 3-pri, by the previous Proposition and Corollary, the tautological y — 
y pi i — > M w has its image a locally closed Cartier divisor in M w 1 and y — y w i 
is smooth onto this image. Further, because the restriction of the tautological 
line bundle £>y to the minimal genus one subcurves of the fibers of Cy\y-y . — ► 
y — ypvi are generated by global sections and have degree zero, they are trivial 
line bundles. Thus the image p(y — 3V0 C 2? is a locally closed local complete 
intersection codimension two substack, and p\y-y pri is smooth onto this image. 

Thus Gy/v\y-y , is a rank two bundle stack over y — j) p ri- □ 

By this Lemma, we know that to each a = pri of \i h d, the cone C y ^ contains 
a unique irreducible component (of multiplicity one) that dominates y a . For the 
irreducible component that dominates y pi i, ^ i s ^ ne closure of the zero section of 
h 1 /h°(Ey^)\y_y^ t (in h 1 / h° (E yjf, ) \ y ) ; we denote it by C pr ;. For \i h d, it is 
the closure of a rank two subbundle stack in h 1 / h° (E y ^)\y described in Lemma 
3.3; we denote this subcone by C' . 

There are possibly other irreducible components of Cy ^ lying over A = y w \ H 

3-gst- We group them into X^hd sucn tnat nes over ^ = ^ x y We 
comment that this grouping is not unique. We write C M = U . 
Therefore 

(3.2) [C y/f> ] = [Cprf] + £[C M ] e Zrf/h\Ey /f> ). 

fi\-d 

Consequently, (denoting [C gst ] =E M hdI C M]0 

(3-3) = 0^ loc [C pri ] + Ol iloc [C gst ] = 0^ loc [C pri ] + £ OkiocICJ. 

fi\-d 
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Let iVi(d)^ d be the reduced genus one GW-invariants of the quintic Q introduced 
in [LZ] (cf. Introduction). 

Proposition 3.4. We have deg0^ loc [C pri ] = (- l) 5d 7Vi 

Let (d) be the partition of d into a single part; i.e., the non-partition of d. 
Proposition 3.5. For \i ^ (d) h d, we have degO- loc [C M ] = 0. 

Proposition 3.6. We have deg0^ loc [C (d) ] = ^^-N {d) Q . 

These three Propositions, the identity (3.3) and Proposition 2.3 combined give an 
algebraic proof of the hyperplane property of genus one GW-invariants of quintics 
proved originally via analytic method in [LZ, VZ, Zil]. 

4. Contribution from the primary component 

Let (fy,TTy) : Cy — > P 4 x y with ip y e r(C-y, CP-p) be the tautological family of 
y, where C y = /!0(1) and T y = £® ( ~ 5) ® LJ c _iy. Recall that (the deformation 
complex of the relative obstruction theory) -E-p/f, = R'ny t (£i® © T-p). We let 

U^h'/h^iR'ny^f^yJ and H 2 = / l 1 //,°((i?' 7 r^T J; )| J;pri ). 

By the base change property of the /^//^-construction, we have 

/. 1 /^°(%/p)x j ;3>p r i = H 1 x i)pri H 2 . 

Now let y° Ti = D^pri — A. where A = 3-gst n 3Vi- By its definition and an 
easy vanishing argument, we have (R 1 ny t L^ l 5 )\y = 0, and (R 1 ^y :t 7'y)\yo = 

((^j>*/j}°( 5 ))l;y° ) V ' wnicn is locally free of rank 5d over y° H . We let 0h 2 C H 2 be 
the closure of the zero section of H2I-00 ( m H 2 ). 

•'pri 

Lemma 4.1. Let 1 : Hi X-y pi . H 2 — > h 1 /h°(Ey ^) be the inclusion, then we have 

[Cprf] - ^[Hi x-p pri H2 ] G Z,h x lh\Ey ti> ). 

Proof. First, over y° ri , Hi is the zero bundle-stack. Thus by Lemma 3.3 and the 
discussion afterwards, the identity stated in the Lemma holds when restricted to 
^pri- By their constructions, both C pr ; and Hi x y ^_ 0h 2 arc irreducible. Thus the 
identity holds. □ 

Corollary 4.2. We have 0~ loc ([C pr i]) = ! ([0h 2 ])> where the first is taken under 
the localized Gysin map of A^h 1 /h°(Ey^)s, and the second is taken under the 
ordinary Gysin map o/H 2 . 

Proof. Since ^pri is proper, and since the cosection localized Gysin map is the 
same as the ordinary Gysin map over proper bases, the proposition follows from 
that ! [Hi Xy pr . 0h 2 ] = ! [0h 2 ], where the first ! is taken in Hi Xy pr . H 2 and second 
! is taken in H 2 . □ 

To proceed, we prove a useful result. 
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Lemma 4.3. Let R = [Xq 3^i] be a complex of locally free sheaves on an integral 
Deligne-Mumford stack M such that H 1 (R) is a torsion sheaf on M and the image 
sheaf of Xo — > Xi is locally free. Let U C M be the complement of the support of 
H 1 (R), and let B C h 1 /h®{R y [— 1]) be the closure of the zero section of the vector 
bundle ft, 1 //i°( J R v [-l]| C /) = H a (R\u) v . Then 

! [B] = e(H°(R) v ) G A^M. 

Proof. Let 3Q = H l (R), which fit into the exact sequence 

(4.1) — > X ^X ^X 1 -^OCi — >0. 

(Since X and Xi are locally free, we will use the same symbol to denote its associ- 
ated vector bundle.) By assumption and the choice of U, (i v \u is a sub-bundle ho- 
momorphism. Hence [Xq/Xi] \u is a vector bundle over U . Viewing U C [Xq /X\ ] \u 
as the zero-section, its closure in the bundle stack h 1 /h°(R v [—l}\u) — [Xq /X(} is 
the B referred to in the statement of the Lemma. 

Let b:X^ — > [Xq' /X^} be the quotient. As P v (XY\u) C X^\ v is a sub-bundle; 
we let D be the closure of (3 v (Xi\u) in Xq . The smoothness of b implies 6 _1 (B) = 
D. Hence 

! ([B]) = ! ([D])eiM, 

where the two Gysin maps are intersecting with the zero sections of [Xq /X\] and 
of Xq , respectively. 

We are left to show ! ([D]) = e(3Cg ). (By assumption, UCg is locally free.) Since 
ker7 is locally free, a v : Xq — > Xq is a surjection of vector bundles. On the other 
hand since Xi\u = we can restrict (4.1) on U and take its dual to get an exact 
sequence of locally free sheaves 

— > X± \u — — > Xq I jj — >Xq\u — > 0. 

Hence the closure of f3 w (X^f \u) in Xq equals the closure of ker(a v )|;y in Xq ; thus 
D = kera v . As Xq — > Xq is a surjective bundle homomorphism, we have ! ([D]) = 
e(3Q0. □ 

Let {fy , Ky pri ) be the restriction of {fy,TTy) to y prl . Let 

R= (R'*yJy-OM5))\y pti = R'^y pil Jy pi OM5). 

By Serre duality, i? v = {R'^y^fy^y)] y ■ Like in [Beh, LT], we can represent 
R'ny /i Op4(5) = [Xq — > Xi] as a complex of locally free sheaves. On the other 

-Kpn J'pri 

hand, by [VZ] (see also [HL1], or Prop. 3.1), Ky pri *fy Op 4 (5) is locally free of rank 
5d, and R 1 tt v /i 0(5) is torsion. Thus applying Corollary 4.2 and Lemma 4.3, 
we obtain 

Corollary 4.4. We have identity 

deg Oi, loc [C pri ] = c 5d ((<Ky pti J ypt P 4(5)) V ) = (-l) 5d c 5d (iry pti J ypi 0,4(5)). 

Note that the right hand side is the reduced genus one GW-invariants introduced 
in [LZ]. 
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5. COSECTION LOCALIZED GYSIN MAP VIA COMPACTIFICATIONS 

We begin with a general discussion of a special type of localized Gysin maps. Let 
M be a Delignc-Mumford stack, I be a line bundle on M, and V\ and V 2 be two 
vector bundles on M. Suppose we are given two vector bundle homomorphisms 2 

(5.1) £i : Vi ® L — ► M , and Z 2 :V 2 -> Om 

such that £i is surjective. (Here Om is viewed as the rank one trivial line bundle 
on M.) 

We let 7 : W — Total(i) -> M be the total space of L. The tautological 
(identity) section e £ r(W, 7*£) paired with 7*(£i) defines a bundle homomorphism 

(5.2) Ci := 7*(£i)0 ® e) : Vi := 7*^1 — > W . 

We let | 2 = 7*^2) : V2 := 7*^2 -> W . 
Let 

Since £1 is surjective, £1 is surjective away from the zero-section 0^ = M d W; 
thus the non-surjective locus -D(£) of £ is contained in the zero-section 0w C W. 
We let [/ = - D(i), and form 

^(0 = V\ D(ji) U ker{||t/ : V\u -»■ 0^} C V\ 

The cosection £ defines a localized Gysin map (cf. [KL]) 

(5.3) 0l loc : A.V(i) — ► 

This localized Gysin map has a simple interpretation in the situation under 
consideration. We let 

j :W = P(L © Om) — ► M 
be the obvious compactification oi W — W — D^, where Z?oo = P(L © 0) is a 
divisor of W. We extend V\ and V2 to W via 

Fi =7*Fi(-L> 00 ) and ^2=7*^2. 

We let I2 = 7*^2, which is the extension of £2- Because of the expression (5.1), £1 
extends to a homomorphism £1 : V\ — 7*(— A») — > OpfF. Let 

£ = Ki , 6) : V* := Fi © F 2 — ► 

Because £1 has the form (5.2) and £1 is surjective, £1 is surjective along D^; thus 
so does £. Consequently, the non-surjective locus of £ and £ are identical; namely 

(5.4) £>(£) = D(i). 

Lemma 5.1. Let i\ : Z t V{^) — > &e defined by sending a closed integral [C] G 
to tfte cj/cZe 0/ its closure in V: i\[C] = [C] E Z^V, and then extending to 
Z*V{£) by linearity. Let r : D(£) —> M be the inclusion. Then we have 



Bundle homomoprhisms in this paper are possibly degenerate, (i.e. those induced by sheaf- 
homomorphisms of respective bundles). 
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Proof. We let be defined similar to V(£) with "~" replaced by Let 0^- loc : 

Z*V(£) — > A*D(£) be the localized Gysin map associated to £. Let r' : V(£) — > V 
and t" : —> W be the inclusions. By [KL, Prop 1.3], we have the commutative 
square 

z*F(0 ^,D(D 

r: t'J 

On the other hand, since £ is an extension of £, the homomorphism ti : Z*P r (£) — > 
Z*V factors through t( : Z*U(£) — > Composing, we obtain 

T * ° °f,ioc °'! =0 7 OT » ot ! =0 y ol! ' 

Since £ is an extension of £ and D(£) = D(£), tracing through the construction 
of the localized Gysin maps, we conclude Oj, loc oij = 0|i oc - Composed with 7* : 

AJV -)■ A*M, we obtain 

7* o 0^ o u = % o < o 0-- loc o t{ = r, o 0-- loc : V(£) — ► A»M. 
This proves the Lemma. □ 

Corollary 5.2. Let C C V'(^) be closed and integral; let C C V be its closure, and 
let Cb = C n (0 (B V2). We Zet N-^ b C be the normal cone to Cb in C; it is a cycle 
in V. Then we have 

(5.5) deg<WC! = de &°v[C] = deg O^^C] . 

The intersection Cb has an easy description in the homogeneous case. Since W 
is the total space of the line bundle L, we have the dilation morphism 

(5.6) m t :W — > W 

defined by sending x G L\ x i (over x' G M) to tx G L\ x > C W. This defines a 
C*-action on W that preserves the morphism W — > M with C* acting trivially on 
M; its fixed locus is the zero section 0^ C W. 

We define $i,o(i) : Vi — > m£ Vi to be the homomorphism that keeps 7*e invari- 
ant, where 7 : W — >• M and 7*e G T^; and for k G Z, we define 

(5.7) $ <ifc (t) = t k ■ * <i0 (t) : V* — ► mJVi. 

Definition 5.3. VFe say a closed integral C C V homogeneous of weight (fcijfo) 
i/ if is invariant under {$i,ki(t), 3>2,fc 2 W) / or °" i G C*. We saj/ a cyde a G Z*V 
is homogeneous of weight (fci, A&) i/ eac/i 0/ its integral components is homogeneous 
of weight (fci, fo). 

We now investigate the intersection = C fl (0 © V2) near D^. Since this is a 
local problem, by replacing M by its affine etale chart, we can assume M = Spec A 
is affine, and L = Om and Vi = 0^ are trivialized. Using such trivializations, we 
have induced isomorphisms 

(5.8) W = M x P 1 , V 2 = (M x P 1 ) x A™ 2 , 
and Doc = M x {00} C M x P 1 . 



14 



H-L. CHANG AND J. LI 



Lemma 5.4. Let M = Spec A, and L and Vi are trivialized as stated. Let C C V 
be a homogeneous closed integral substack of weight (0, 1). Then under (5.8), and 
for aB C M x A™ 2 , 

cn(o®v 2 )\ w _ 0w = Bx(F 1 -o). 

Proof. Adding V\ = O^™ 1 , we have the induced isomorphism 

V = (M x P 1 ) x A" 1 x A" 2 . 

We let t (resp. x = (xi); resp. y = (yj)) be the standard coordinate variables of 
A 1 = P 1 — {oo} (resp. of A™ 1 ; resp. of A™ 2 ). Because C is homogeneous of weight 
(0, 1), the ideal of C\w-o w c V\w-o w 1S generated by elements 

{/(xi, • • • ,x nil t~ 1 y 1 , ■ ■ ■ ,r x y n ^) | / e J C A[x,y}}, 

where J is an ideal in the polynomial ring A[x, y] = A[xi, ■ ■ ■ ,x ni ,yi, ■ • • ,y n2 ]- 
We now pick a new trivialization of V\ over W — Ojy- Wc let e 1; • • • , e ni be 

a basis of Vi that is the pullback of a basis of V\ (over M). As t^ 1 extends to 

a regular function near Doo and has vanishing order one along D 00l a = t^ 1 ■ ei, 

1 < i < m, form a basis of Fi|-jy_ 0w - 
We let 

(5.9) ^IvF-Ow - M x ( pl ~ °) x A " X x A " 2 

be the isomorphism induced by the given trivializations of L and Vi, and the new 
trivialization of V \ using the basis e,. We let x' = (x'A be the standard coordinate 
variables of A ni in (5.9), then xi and x\ are related by Xi — t~ 1 x' i . Thus in the 
coordinates (x^yj), C\w-o w is defined by the ideal generated by 

(5.10) {f(t- 1 x' 1 ,---,t- 1 x' ni ,t- 1 y 1 ,---,t- 1 y n2 )\feJcA[x,y}}. 

Finally, since C C V is a cone, J is a homogeneous ideal; thus the same ideal is 
also generated by 

(5.H) {/(*!,••• ,x' ni ,Vi,--- ,Vn 2 ) |/€ JcA[x,y}}. 

Therefore, C fl ^|"j47_ 0w c ^IvF-Ow ^ s defined by the ideal generated by (5.11). 
Thus C n V\ w _ 0w = B' x (P 1 - 0) for & B' C M x A" 1 x A™ 2 . Intersecting with 
^2 Im7_o proves the Lemma. □ 

We will show that the pair X gst C y gs t fits into the description of the pair M C W 
described. To this end, we introduce the corresponding vector bundles Vi and Vi. 
As the deformation complex of y /V is Ey^ = R'-Ky^^L^ 5 © Ty), we introduce 

Vl = h}/h\{R-Ky^f)\yJ, V 2 = h'/h^iR'ny^yJ, V = V 1 X y^ V 2 . 

By the base change property of the /^//^-construction, and the construction of 
C gst (cf. (3.3)), 

[C gst ]eZ*V; V = h 1 /h°(Ey /f) )\y vt . 

We let 

(5.12) V^H^iR'ny^plyJ, V 2 = H\(R'TTy^y)\yJ, and V = V 1 ®V 2 . 

Since both V\ and V2 are locally free on y gs t, by abuse of notation, we will 
view them as vector bundles as well. Then using the arrow (R' 7T y^^ 5 )\y gst — ► 
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H 1 ((R* n y*£''^, 5 )\y ESt )i we obtain a canonical morphism pi : Vi — > Vi; similarly, we 
have a canonical p 2 ■ ~V 2 — > V 2 . Note that both pi are proper, and Vj are (relative 
to Jgst) coarse moduli spaces of Vj. By the definition of Vj, the sheaf of sections 
of V is @by/£,\y gst . We denote by £ the restriction 

(5-13) i--=^--V^Os^ 
where a is given in (2.11). 

We now justify the symbols for the pair M C W. Let {fx st i n x st ) : C x st — > 
P 4 xi gst be the pullback of the universal family of ~M X (¥ 4 ,d). Let£^ t = / *- 0(1) 

and fx^t = ^^ _5 ' ) ® w c^ A^gst" Then by [HL1], y gs t is the total space of a line 
bundle on X gst : 

l = (iTv )*y v ■ 

\ Stgst ' ^gst 

Thus letting M — X gst and W = y gst fit into the description W = Total(L) given 
before. 

We next introduce Vi and £j on M that fit the whole package as well: 
(5.14) Vl =R\x sst *£T set , V 2 = R\ X ^ X ^ ^d V = V 1 ®V 2 . 
They are vector bundles (locally free sheaves) on X gst (= M). Let 

7 : W := y gst = Total(L) — > * gst = M 
be the induced (tautological) projection. 

Lemma 5.5. We have canonical isomorphisms -f*Vi — V; further there are £1 : 
V\®L^>- (Dm and £2 : V2 —¥ Om so that £ in (5.13) is identical to the £ constructed 
from (£1,^2) via the construction given in (5.2) and after. 

Proof. We let fy t , fty t , Cj) t , £ y t and CP-y t be objects over y gst defined similarly 

as that over <Y es t- Then the V\ and Vi in (5.12) are V\ — R lr x<, ^£!? 5 and 
b ~ J'gst* y SBt 

Vi — R 1 ir~r 1 CP-r, . On the other hand, since we have canonical isomorphism 

J'gst* J'gst _ ' r 

C-y gat = C^ gst x Xgst y gs t, letting 7 : C y ^ t — > C x be the induced projection, then 
we obtain 7*£ x = C y , and same for Ty . Applying the base change formula, 
(since R 2 ir x # = 0,) we obtain the canonical isomorphisms 

J'gst* j'gst >W ' Af gBt ' *gst* X get ' 11 

the same reason gives a canonical V2 = "f*V 2 . 

For the £ defined in (5.13), we recall the construction of the cosection a in 
(1.3). For any closed y G y gs t over % S Xgst associated to [u,C] with u — 
( Ui ) G tf°(u*0(l)® 5 ) and V G #°(u*0(-5) ® w c ), t^i| B - /^(^(l)® 5 ), V 2 \ y = 
Hi^Qi-tytouc), and 



cr(y) : Vi |„ 8 V2 |„ — > C; (u i; V>) ^ 5^ ^ ujtn + V> ^ u i 



i=l i=l 

Accordingly, we define £1 : Vi <g> L — > and £2 : V2 — » ^ gat over a; G X gst to be 
fi (#)(("») ® ip) = hip^ujui, and &(x)(ij>) = tp ^ uf . 
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With this definition, by [CL1, Prop 3.4], £1 is surjective. As £ is constructed 
following (5.13) that is the restriction of a over j^gst, this proves the Lemma. □ 

In the following, we will view Vi, V and £ be defined in (5.12), (5.13) and (5.14), 
which also satisfy the properties specified at and before (5.2). 
Following [CL1], the non-surjective locus D(£) of £ = a\y t is 

D(a) X gst = M x {Q,d) Xjj i{pi d) X gst , 

which is proper. As before, we form the substack V(£) C V; we let C gs t be the 
coarse moduli of C gst relative to y gs t, thus C gs t C V since V is the coarse moduli 
of V. Further, since the projection p := p\ x p2 : V — > V is smooth, we have an 
identity of cycles p*[C gst } = [C gst ] G Z*Y. Finally, because [C gst ] G Z»V(ct) (cf. 
[CL1]), we have 

[Cget] e z,v-(|). 

As before, 0~ 1qc : AtF(£) — ► A»F(£) is the localized Gysin map. 
Proposition 5.6. We have the identity 

o^ iloc [c gst ] = o' hoc [C sst ] e Ai?(0. 

Proof. We can find a vector bundle F on and a surjective bundle map <f> : 
F -> V. Let : F -> 0-p gst be the pullback coscction. Then D(cr^) = £>(£), 
</>*[C gst ] G F(5>), and 

0^,ioc(^[C gs t]) = 0^ loc [C gst ] G A.D(£). 

On the other hand, let : F — > V" be the composition of <j> with p, then ct^ = </>*(£) 
and P[C gst ] = <f>*[C gst ]. Thus 

o^,ioc(^[c gs t]) = o^ (£ - )iloc (^[c gst ]) = oboc^t] G 

This proves the Proposition. □ 
Finally, we verify 

Lemma 5.7. The substack C gst G V is homogeneous of weight (0,1). 

Proof. As the obstruction theory of y — > V is the pullback of that of y — > £>, and 
the later is via the open 2?-cmbcdding (cf. (2.1)) 

(5.15) j : y = Mx(P 4 , d)P 6 := C(7r,(£® 5 © ?)), 

we will prove a corresponding result for 6. 

Let 7T S : C e ->■ ©, £e and T e be the pullback of (tt : C -> £>,£,?). The 
modular construction of 6 provides us a universal section 

(5.16) (ue, l ,V'e)Gr(C©,£® 5 ©Te)=r(6,7r e 4£® 5 ©Te)), (* = 1, ■ - ■ , 5). 

Namely, each closed £ = (Q, u^j, ^f) G 6 has ue,ilc = an d ^el{ = 
For t G C*, we introduce an automorphism 

ot : £ 05 © 7 — > £ 05 © T 

that is id/:e5 when restricted to the summand £® 5 , and is t ■ idy when restricted 
to the summand IP. Clearly, at commutes with the arrows of T>, and thus is a well- 
defined automorphism. The collection {o t | t G C*} defines a C*-action on £® 5 © T, 
where C* acts trivially on V. 
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Following the moduli construction of 6, the automorphism at induces a T>- 
automorphism a t : & — > &: it is defined by sending (C T , £ T , Uj, S 6(7"), where 
T is any scheme, to (C r , L T ,Ui, tp) 1 — (C T , £ T ,Ui, t-ip). The collection {a t \teC*} 
forms a C*-action on &; under this action the tautological projection & — > I? is 
C*-equivariant. 

Because Ce = C Xp 6, and because 6 — > I? is C*-equivariant (via a t on 6 
and the trivial C*-action on 2?), the trivial C*-action on C and the Ot on (3 lifts 
to a C*-action on Ce — >• ©. We denote this action by <po{t) ■ Ce — > o^C&. Then 
since £e an d arc pullback of L and 5 on C, £e and 3>e admit the obvious 
C*-lincarizations 

(5.17) (^i(i) :£ e -^<p Q (t)*^e, ¥> 2 (t) ■ y © — > VoW^e 

characterized by that their C*-equivariant sections are pullback sections of £ and 
J", respectively. 

The action at induces a tautological C*-action (linearlization) 

(5.18) ^i(i) :£ e -^(tJ'-Ce, *> 2 (*) : ?e -»• Vo(i)^6 

characterized by that the universal section (5.16) is C*-equivariant under this lin- 
earization; i.e., 

(5.19) ($>i(t)(«e,i), ^ 2 (t)(Vs)) = (W)(t)*(« 6 ,i), Vo(t)*(V's)). 
By the construction of a t and the two C*-actions, we see that 

(p\(t) = ip\(t) and <p 2 (i) = t ■ <p2(t). 

Let 4>e/v '■ Lqij-) — > {Eq/x>) v be the perfect relative obstruction theory con- 
structed in [CL1] by use of (ue,i,i^e)- (Its pullback to y via y — » & is the 
relative perfect obstruction theory of y — »■ P.) Tracing through the construction 
of the obstruction theory </>e/x> in [CL1, Prop 2.5], using that the universal section 
{ue t i,ipe) is equivariant under the tautological C*-linearization {(pi,(fi), we con- 
clude that the obstruction theory <p & / v is C*-equivariant with respect to the same 
C*-linearization. 

We consider the composite 

j-.y^y^e. 

of the tautological y — > y with the open embedding j in (5.15). Since the ob- 
struction theory of y — > V is the pullback of that of 6 — >• V, we have canonical 
isomorphism 

(5.20) TE e ,v^Ey /f) . 

Secondly, since J is a £>-morphism and y is constructed from y — V T> via a base 
change V — > V. the C*-action on 6 lifts to a unique C*-action on y that makes j 
C*-equivariant. Using (5.20), we endow Ey,^ the C*-linearlization induced based 
on {(p\,<f>2). This way, since (f>e/v is C*-equivariant (via {<fii,<P2)), we conclude 
that fyyjf, is C*-equivariant with the C*-linearlization just introduced. 

Finally, it is direct to check that the introduced C*-action on y restricting to 
Jg S t is the C*-action rrit constructed in (5.6); also, by [CL1, Prop 2.5], Eq/d = 
-R*7re*(<C@ 5 © Te)i and the introduced C*-linearization on Ey,^ = j*Eq/t> rc ~ 
stricting to j^gst gives the linearization ($1 0,^2 1) of V\ V2, in the notation of 
(5.7). 
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Since 4>y/f, is C*-equivariant, the intrinsic normal cone Cy/-f> C /i 1 //i 1 (-B-j>/p) 
is C*-equivariant; therefore C gs t is C*-equivariant under the C*-action ($1,0, $2,1), 
which is equivalent to say that C gs t is homogeneous of weight (0, 1). This proves 
the Lemma. □ 



6. Proof of Proposition 3.5 
We study the cone C gst C V in this section. Let A = X prl n X gst , and recall 

A = y x k A = y gst x^ gst A = W x M A 

is a line bundle over A. We continue to denote by 7 : y gst — > X gst the projection. 

Proposition 6.1. We have C gs t n (0 © ^)l>> t -A = ^s st ~ A C y gs t; further, there 
is a sub-line bundle T C V2IA so i/i<rf, denoting T = 7* J 7 C V2 1 A' 

c gst n(oey 2 )lA c J-c^Ia- 

The proposition will be proved via a sequence of Lemmas. First, following the 
argument in [CL1, Sect 5.2], the relative obstruction theories of the triple (y, X, T>) 
fit into a compatible diagram of distinguished triangles: 



7* (£*/!>) V 



(%/*) V 



+ 1 



(6.1) 



7 0*/f> 



ry/T> 



+ L 'y/v 



"* L 'y/x 

-ffi5 



+ 1 



Here E y/i) is given by (2.10); E kji) = AV^f 5 and E y/ii = AV-p^. (As 



u c$/y-) Taking the cohomologies of the 



usual, L y = /!0(1) and ^ = 5) 
duals of the top row over 3^ gst , we obtain exact sequences of sheaves on j^ gs t: 
Hl (E m \yJ ► H\Ey /t \ y J > H°(rE m \yJ 

(6.2) 



V 2 



v = vi e v 2 



Here the vertical identities are given by the explicit form of the complexes Ey^, 

etc.; /?i (rcsp. f3 2 ) is the tautological inclusion (resp. projection), and the diagram 
commutes that follows from the proof of [CL1, Prop 2.5 and 3.1]. 

Let N be the coarse moduli space of the the stack h 1 /h ((L^^) v )\y^ t relative 

to y gst ■ Then 4>yj^ induces an embedding 

McH 1 (E y/i ) = V 2 . 
Lemma 6.2. Viewing M as a substack of V — V\ (B V 2 via fi\ in (6.2), then 

(6.3) Sup P (c gst ) n (0 e v 2 ) c N. 

Proof. It suffices to show that for any closed y G 3^gst , we have 

(C gst n (0 © V 2 ))\y CMy~Af Xy ?/. 
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First, it is shown in [BF] that N y = H 1 ((L^^) V \ y ). Dualizing (6.1), restricting 

it to y and taking its cohomology groups, we obtain the commutative diagram of 
arrows 

K — ► H\(L' m r\ y ) — > H\r(L% /f> r\ y ) 

(6.4) e v 

v 2 \ y ^ (Vi®v 2 )\ y vAy, 

where the vertical arrows are H 1 of <P^^\yi ^/-ply an d T*^/^!/' respectively, 
and the bottom line follows from (6.2). Since (fiy/-f,, etc., are perfect obstruction 
theories, the vertical arrows in (6.4) are injective. 

We now prove (6.3). First, the inclusion C gst C C-p^ = h 1 / h° ((L^ ) in- 
duces an inclusion of their respective fibers over y 

C gst \y C h} /hP{{L'y^Y)\y = h'/h°((L' m r\ y ). 

(Here we use the base change property of ft 1 /^-construction; see [CL2, Lemm 2.3].) 
Taking coarse moduli, we have C gs t|,y C H 1 ([L*^ \ y ) . Hence 

(C gst ("1 (0 © V 2 ))\ y = C gst \ y n (0 e V 2 \ y ) C Im (g y ) n ker0 2 \ y ). 
Because in (6.4) all vertical arrows are injective and the squares are commutative, 

lm(Qy) nker(/3 2 y C 0®Af y C 0®V 2 \ y . 
This proves (6.3). □ 

Lemma 6.3. The substack Af C V 2 is reduced and its support is the union of the 
zero section 0y 2 C V 2 with the total space of a line subbundle T C V 2 \^ that is the 
pullback of a line subbundle T C V^a- 

Proof. Let y G W — y ES t be a closed point. We pick a chart i : Y ^ y oi y E y 
and its associated embedding given in Proposition 3.1. (We follow the notation 
introduced there.) Then by ctale base change 

We denote Z'^ = IxzZ' = IxA 1 . Lemma 3.1 induces a closed X-embedding 
Y -> Let J be the ideal of Y in Z 1 ^. By definition, 

(6-5) Lf^ = [I/I^Sl zyji \yl 

where 5(a) = d^a. (d^ is the relative differential that annihilates 0^.) We denote 
S'(-) the symmetric product, and denote 

iV:=SpecS* ^ t (/// 2 0^). 
Following [BF], since h 1 / h° ((££ ^) v ') = h 1 //i ((L*.- / ^ 1 ) v ), we have 

/iV/AOL^m^ = [(SpecS- 0f .(/// 2 ))/(T^^|,.)]|^ t = [N/(T z , x/jt \ 9 J]. 
Here the T z ,^\ Y ^ t -action on N is induced by the arrow S in (6.5). 



20 



H-L. CHANG AND J. LI 



By Lemma 3.1, 7 = (lot) C Q z >- = O^W- Usin S *g*»t = {w = 0) n Z'^, we 
obtain 5\y^ t (wt) = dx{wt)\y — w ■ dt\y — 0; hence the T z , ^ly. -action on N 
is trivial, and the coarse moduli of h 1 //j°((7y /A-) V )ly- gst i s ^> namely 

AT Xy gst y gst = TV. 

We determine TV. Define a : Oz' — > 1 1 1 2 <8>o,> Ov to be the homomorphism 

r J gst 

via a(l) = tot <g> 1; because 7 = (wt), a is surjective. We observe a(w) = w 2 t ® 1 = 
lot (g) io = 0, because io = G Ov- ; we also have a(zi) — wzrf <E> 1 — 0, because 
= in 0^ C 7. A further check shows that kera = (io, z\, Z2, Z3, Z4); hence 
7/7 2 (g) 0? 0^ st = Oy A , where Y A = Yx y A. AsSpecS*. (Oy- ) is the union of Y gst 

gfat ^gst 

with a line bundle F over Ya so that Y gst n F = Ya, this proves that N = Y gst U F 
with Yg S t nf = Y A . 

As Y — > y is an arbitrary etale chart, it shows that there is a line bundle T on 
A C "Vgst such that 

(1) both 3^ g st are T are closed substacks of J\f; 

(2) J\f = y gs t U F and ~y gs t H T — A, where j-gst C A/" is the zero section 0y 2 . 
Since M C V2 is a subcone, T — M X;p gst A C V2IA i s also a subcone and we 

conclude that F C V2IA i s a subline bundle. 

Finally, we show that there is a subline line bundle T C V2\A that pullbacks 
to T C Yi\a- F° r this, we use the C*-action on y gst introduced in the proof of 
Lemma 5.7. By Lemma 5.7, 3^gst — ^gst — ^ <^gst is a C*-quoticnt morphism. By 
its construction, the relative obstruction theory of y — > X is C*-equivariant. Thus 
F\y st _x st C Vz\y gt _x st is C*-equivariant, where the C*-action on ^Ij) st _,£ st is 
via the linearization $2.1- 

As this linearization $2,1 differs from $2.0 by a scalar multiplication, and because 
F\ y C Yi\y for y G A is a linear subspace, T\ A C t^l^ is also invariant under the 
linearization $2,0- Since $ 2 ,o is induced from the pullback V 2 = 7*V2, by descent 
theory, J r \ A _ A C V2IA-A descends to a subline bundle J 7 C V^a- (As usual, we 
view Ac A via the zero section of W = Total(L).) Thus T\ A _ A = 7*7 7 |a_a c 
V2 1 A _ A . Finally, since A — A is dense in A, we have T = 7* J 7 C V^Ia- This proves 
the Lemma. □ 

We now apply Corollary 5.2 to the situation W = y gs t and M = X gst . As will 
be clear later, we will work with each individual component = y^ of y gs t, and 
the corresponding components = X^. Accordingly, we will add the subscript 
yu to denote the corresponding objects restricting to M M , or W ^ ~Wxm M^. 
For instance, V \^ = V i\w , A M = A n and A M = A x M A7 M , etc. 

Following (3.3), the cycle [C gst ] G is a union [C gst ] = SuhdV*[^]' where 
[C^] G Z^V^ and : — >• V" is the inclusion. Here as argued before (3.2), [C^] = 
X)fc cou ld be a union of integral multiples of irreducible components C^. 

Let C 'fj, be the closure of C M in V^, which by the given irreducible decomposition 
is Efe n^klP^k]; we let C^b = C^ k n (0 © V^2, M ), and let 
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be the normal cone to C^.b = J2k n ^^C ^^fi in C M . 
By Corollary 5.2, we have 

(6.6) degO- >c [C gst ] = degO^[C gst ] = £ deg 0^ [P M ] . 

[i\-d 

We look more closely the term 0^ [-fi^]. By Lemma 6.3 we have a line subbundlc 
Ty, := /"|a„ C V^.^Iaj, = ^2|a m . By Lemma 5.4, Lemma 5.7 and Proposition 
6.1, [C^b] lies over the union of the zero section 0y^ with the total space F M = 
Total(JV), where A M =F (1 x Jf( ,A (1 , and 7m := 7 | w ^ : -> M M . We let 

(6.7) Z^^UF,. 

Thus P M lies in the bundle Vi iA , x^p Z M over Z^, where Z^ — > If,, is the identity 
map when restricted to 0y 2 , and is composite of the projection F ^ — > A M — ^ W^. 

We claim that dim = 5rf+4, dim F^ = 5rf+6, rank Vi )At = 5 and rank ^2,^ = 
5rf+ 1. Indeed, by Proposition 3.1, we know that all X^ are smooth and are of equal 
dimensions. Thus 

dimi^ = &m.X {d) = diml ,i(P 4 ,(i) +dim¥ 1 ,i = 5<i + 3. 

As is a line bundle over X^, we obtain dimVK M = dim j) M = 5d + 4. For 
dim R^, since C M has pure-dimension, and dim F p = dim C M , we only need to verify 
dimC M = dim 3^, + 2. But this follows from (2) of Lemma 3.3. The remainder two 
identities follows from Riamenn-Roch theorem. 

We denote by \C^b\ the support of C^b, which is the union UkC^, t k,b- Since 
i? M is a normal cone, by its construction, it is a cone inside the vector bundle 

m x Tv l^>>f>l ^i.m ® ^2, /j- (Here as total space of vector bundles, Vi,^ x-pj 

Therefore, we have 

(6.8) 0L JflJeiWlC^I. 

We write 0^ [flj = [P„,i] + [P„, 2 ], where P M ,i C 0^ and P M , 2 C F„. 

» 1 ,fi L 1 

Lemma 6.4. We have the vanishing deg 0^ [P^.i] = in the following cases: 

(1) p,\- d and i = 2; 

(2) (d)\- d andi = 1. 

Proof. We prove the vanishing for i = 2. By Lemma 6.3, the subline bundle C 
Vi I a m pullbacks to J M C ^2,^Ia m - Let 77^ : F M — >■ F M be the projection; it is proper 
since A — >• A is proper. Then by the projection formula, 

degO^jP^] = deg0^ i(t (^,[P M , 2 ]). 

Since r\^[P^ 2 \ € 4rf+i^ and dim = dimA^ + 1 = (dim X pT1 - 1) + 1 = 5d, we 
have 77 M * [P^, 2 ] = 0. This proves the first vanishing. 

To prove the second vanishing, we will construct a proper DM stack B^, a vector 
bundle 3C M on B^, and a proper morphism with an isomorphism 

(6.9) p„ : M„ = * M — ► B„ and p^Si^, 
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such that dim£>( d ) = 5d + 1, and dim£> M < 5c? for fi ^ (d). Once (B^,X^,) is 
constructed, we let <5 M : y 2 ,^ — > 3^ be the projection induced by the mentioned 
isomorphism; then, for /i^ (d), by the projection formula we have degO^ [P^,i] — 

degO^-v (^*[-Pfi,i]) = because P M ,i C 0y 2 and A 5 d+iB^ = for dimension 
reason. 

Constructing B^ and 5C M with the required properties will occupy the remainder 
of this Section. □ 

We first state a decomposition result, which follows from the construction in 
[HL1]. Let fi — (di,--- ,de) be a partition of d and let (/^ , 7T£ ) be the 

tautological family of X^. By the construction of X gst , the map associated to a 
closed point in X^ is by attaching I one-pointed [ui, Ci,pi] £ M ,i(P 4 , di) such that 
= u j(Pj) f° r au *j 3 t° an ^-pointed stable elliptic curve. We state this in the 
family version 

Proposition 6.5. The tautological family — > X^ admits an (-section C C% 
(a codimension one closed substack, proper, and an l-etale cover of X^) that lies in 
the locus of nodal points of the fibers of / X^, and splits C% into two families 
of curves: C% pr and tl (cCg ), such that 

(1) the pair ifix^ pr' * s a f am ily of (-pointed (unordered) stable genus one 
curves; the morphism f ^ is constant along fibers of C% pr — > X^; 

(2) the pair (C-x t j, S^) is a family of (.-pointed (unordered) nodal rational 
curves over X^ such that each closed fiber of tl — > X^ has I connected 
components, and each connected component contains one marked point. 

Here the subscript "pr" stands for the "principal part" and the subscript "tl" 
stands for the "tail" . We comment that the total space C j> tl may have less than 
£ connected components. 

Proof. The proof follows from the modular construction of X^ in [HL1]. □ 

We now fix a partition fj, and assume I > 2. Using this decomposition, we can 
relate X^ to a stack that parameterizes the tails of [u,C] £ X^. We take the moduli 
of genus zero stable morphisms M ,i(P 4 ,di), considered as a stack over P 4 via the 
evaluation morphism evi : M 0i i(P 4 , di) — > P 4 (of the marked points); we form 

g,=I ,i(P 4 ,(ii) X P 4 ... X P 4M , 1 (P 4 ,6? £ ). 

We let Sfj, be the subgroup of permutations a £ Se that leave the ^- tuple (di, • ■ • , dg) 
invariant (i.e. di — d a u\ for all 1 < i < I). Each a £ acts as an automorphism 
of B^ by permuting the i-th and the a(i)-th factors of £> M . This gives an ^-action 
on Bfj,; we define the stacky quotient 

Bfi = BJS^. 

Since M ,i(P 4 , di) are proper DM stacks and have dimensions bdi + 2, B is a proper 
DM-stack and 



(6.10) dimg^ = (5d + 21) - (41 - 4) = hd - 21 + 4. 
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For each i we denote the universal family of M ,i(P 4 , di) by (ni,fi) : Ci — > 
M ,i(P 4 ,rfi) x P 4 with Si : M ,i( p4 > d ~> c * thc section of marked point. We 
introduce 

% l = 7T«/;o(5), 

a rank 5di + 1 locally free sheaf (vector bundle) on Mo,i(P 4 , di) with an evaluation 
homomoprhism a : %i —> ev*0(5). 

We let Vi'.B^^r Mo t \(¥ i ,di) be the projection. Since B^ is constructed as the 
fiber-product using the evaluations ev,, the collection {ev,}f =1 descends to a single 
evaluation morphism ev : B^ — > P 4 . We form a sheaf 3C M on B^ defined via the 
exact sequence 

— ► X„ — »• ef=i<3Ci A ©^"i ev*0(5) — > 0, 

where /3 = (w^ei — ^^2, • • • ,Vi_\&i-i — v^ei). Since each ej : 9Q — > ev*0(5) is 
surjective, 3C M is locally free. Further, 3C M is invariant under S^, thus descends to 
a locally free sheaf 3C M on S^. (Caution, the arrow (5 is not invariant under ~, due 
to the choice of indexing.) As rankUQ = 5di + 1, rank3C M = 5d + 1. 

We define the desired morphism p M : — > £> M stated in (6.9). Given any 
closed x G X^, we let [/ X ,C X ] with H x C be the restriction of f x and to 
C x = x x a;. By Proposition 6.5, T, x divides into a union of a genus one 
curve with I one-pointed genus zero curves, and the restriction of f x to these I genus 
zero curves form i one-pointed genus zero stable maps to P 4 , of degrees d\, ■ ■ ■ ,dg, 
respectively. We label these ^-stable maps as [ui,Ci,Pi] so that [tij] G M 0i i(P 4 ,di). 
We define p^x) be the equivalence class in B^ of ([ui], • • • , [ue]) G B^. It is routine 
to check that this pointwise definition defines a morphism p^ as indicated. 

We verify that p*3C^ = V 2 ^- First, by Scrre duality, 

Let f x ti an d ^ x ti b e the restrictions of f x and n x to C^, tl . We obtain the 
restriction homomorphism 

(6- 11 ) ^*/^°( 5 )^(^,ti)*/^, t iO(5)- 

Since fibers of Cg pr — > are connected, and restricting to them are constants, 
(6.11) is injective and its cokernel is thc difference of the evaluations along S M C 
C x tl . On thc other hand, denoting {® l i=1 v*%i) / S thc quotient of ® l i=1 v*%i over 

B^ by Sju, (which is its descent to B^,) then via p M , we have a canonical isomorphism 

/V((®Li<3Q)/^) = fae Mitl )./£ M>tl o(5). 

A direct inspection shows that under this isomorphism, = -K x ^f*i 0(5). This 

proves p*^ = V 2>ft . 

In case /i = (d), we let 23( d ) = M (P 4 ,d), and all others are the same. 

Completing the proof of Lemma 6.4- The pair (£> M ,3C M ) satisfies the requirements 
stated in the proof of Lemma 6.4, except possibly the dimensions part. By (6.10), 
for £ > 2, we have dim2? p < 5d; for p = (d), we have dimZ?^) = dim A#o(P 4 , = 
5d + 1, which are as required. This completes the proof of Lemma 6.4. □ 
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7. proof of Proposition 3.6 

In this section, we treat the remainder case left out in Lemma 6.4. Following 
the discussion in the previous section, we know that [P(d),i] G ^5<i+i^(<z) and B(d) 
is irreducible and of dimension 5<i + 1 ; thus 

(7-1) (P(d) ° 1(d))* [P(d),i] = c[B( d )] 

for a c G Q. Applying the projection formula to pu) ° 7(d)? we obtain 

(7.2) degOi, [P (d);1 ] = c • degc 5d+1 (± (d) )[B (d) ] = c • (-l f d+1 N (d) Q . 

Therefore, all we need is to determine c. 

To this end, we need to determine the cone C^) C ^Iww By the construction 
in [HL1], Mi(P 4 , d) contains an open substack consisting of stable maps [u, C] such 
that their domains C are union of elliptic curves with P 1 , and the maps u restricted 
to the elliptic curves are constant and restricted to P 1 are regular embeddings 
P 1 -> P 4 . We denote this open substack by M Q C Mi(P 4 , d). By [HL1], M Q is away 
from the blowing up loci of the modular blowing up X — > X = Mi(¥ 4 ,d). Thus, 
the preimage of M Q in X is identical to M Q , and thus y Xx M = y x x M . 

We denote W = y x x M . By the prior discussion, we know W Q — y x x M C 
Wtd) j an d is dense in W<d) ■ Since we need to work with various obstruction theories 
that are originally constructed for y and X, we will view M C Mid) an d also an 
open substack of X; same for W C W^) an( i W C 3^- 

Since W C y is open, the obstruction theory (j)ym restricted to W Q gives a 
perfect relative obstruction theory 4>y/v\w a '■ {Ey /d) v \w a ^V /d- 

Lemma 7.1. Restricting to W , we have 

C(d)\w = Hl {{L' Wo/v Y) H^fJSy/^Wo) = V\ Wo - 

Further, H 1 {{L^ Vr j v Y) is a rank two locally free sheaf of 0w o - m °dules, and the 
arrow above is injective with locally free cokernel. 

Proof. Let q : W — > V be the projection induced by y — > V; let V = q (W ) be 
its image stack. By the description of W and the argument in the proof of Lemma 
3.3, T> dV is a smooth codimension two locally closed substack. By [II, Chap. Ill 
Prop. 3.2.4], H 1 (i^ o/ / I5 ) is isomorphic to the normal sheaf to V in T>, which is a 
rank two locally free sheaf on T> Q . 

On the other hand, since W — > V a is smooth, [II, Chap. Ill Prop. 3.1.2 ] 
implies that ff , ((L^ o ^ I7o ) v ) = for i > 1. Taking H 1 of the distinguished triangle 

we obtain canonical 

9o-^ 1 ((-^D /x>) V ) — -^ 1 ((-^VF /i>) V )' 
thus they are rank two locally free sheaves on W . 

Next, for any closed point j e J, since 4>y/x> is a perfect obstruction theory, 
H 1 (<j)y / v \ y ) is injective. This combined with W being smooth shows that the 
arrow in the statement of Lemma 7.1 is injective with locally free cokernel. 

Finally, we show that C^ d )\w = ^ 1 ((^vf /-d) V )- Because W V D is smooth 
and V C V is smooth of codimension two, we conclude that is per- 

fect of amplitude [0,1], and /x>) V ) are locally free. Hence the coarse 
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moduli of h}/h°{{L' Wa/v Y) is H\{L' Wo/v Y). By [BF, Prop 3.1.2], C y/v \ Wo = 
h 1 //i°((L^ /o//r ,) v ). Taking coarse moduli, we obtain C^) I w a = ^ 1 (^ J w /v) V )- This 
proves the Lemma. □ 

Let 70 : W — > M be the projection induced by y — > X. We denote by M the 
Artin stack of genus one nodal curves; (this is consistent with Ai w is the stack of 
weighted genus one nodal curves). Since M w — > M is etale, the obstruction theory 
of X -> M is the same as that of X — > M w . 

We determine the subsheaf H 1 ((L^^ T) ) V ) C V^iVo by studying the following 
diagrams: 

H\(L' Wo/v r) r o H\(Ll Io/v D -2-> 7o ^H(iM o/A ,) V ) 

(7.3) j^Wy/o) j^WX/o) j^WX/*.) 

Here, is defined in (6.2) and f3 is the tautological projection induced by the 
comparison of the obstruction theories of X — > V and X — > Ai: 

(7.4) (3 : H\E x/v \ Mo ) — ► ^(^/^ImJ. 

We comment that the left commutative square is induced by that the obstruc- 
tion theories (relative to V) of y C C(tt»(£® 5 © CP)) and of A? C C(7r»(£® 5 )) 
are compatible under C(7r»(£ ffi5 © CP)) — >• C(7r*(£® 5 )) induced by the projection 
pr : £® 5 © CP — > £® 5 . The right square is commutative following [CL1, Lemm 2.8]. 

We let (/m , ttm ) : Cm — > P 4 x M be the universal family of M C A". 

Lemma 7.2. ^4// sheaves in the diagram (7.3)are locally free sheaves of 0w o ~ 
modules; all vertical arrows are infective with locally free cokernels; the arrow ct\ 
is an isomorphism; the arrow 012 is surjective and has rank one kernel; the arrow 
fii\w * s the obvious projection V\w — {V\ ®V2)\w — > ^i|iv ; the arrow j3 is the 
projection 

[3 ■ H 1 (Ex/v\mJ — -R l7r M o */X/ o O(l) 05 — > H 1 {E x / M \ Mo ) — R 1 ^M *fM T P 4 

induced by the tautological projection 0(l) e5 — > T P i in the Euler sequence 0/P 4 . 
Finally, the cokernels of the middle and the third vertical arrows are isomorphic. 

Proof. We let M C M be the image stack of M — V M.. By the description of 
M , Mo is a locally closed smooth divisor in M. Thus the normal sheaf Mm /M 
is invertible and the canonical 

(7-5) M Vo /v — »• M Mo /m ®0 M 0v o 

is surjective. 

Following the proof of Lemma 7.1, H 1 {{L' Mo ^ T> Y) and H 1 {{L' Mo / M ) y ) are canon- 
ically isomorphic to the pullbacks of the normal sheaves Afrj /v and Nm /Mi rc ~ 
spectively, and the arrow a\ and 012 are induced by the identity map of Afv /v and 

(7.5) , respectively. This proves the statements about the sheaves and arrows in the 
top horizontal line. 

Parallel to the proof Lemma 7.1, we obtain that the vertical arrows are injective 
with locally free cokernels. 
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By definition of Vi, the first two sheaves in the lower horizontal line are V\w 
and 7*^1 1 m = Vi|vr , an d the arrow (3 2 \w is the obvious projection as stated. 
The statement about 7o/3o and f3 Q follows fom [CL1, Lemm 2.8]. 

A direct calculation shows that R 1 ^M *fM 0(1)® 5 and i? 1 7r Mo */^ fo T P 4 have rank 
five and four, respectively, and 7*/3o is surjective, therefore ker(7*/3 ) is an invertible 
sheaf, and is isomorphic to ker(a2), using that the middle and the third vertical 
arrows are injective with locally free cokernel. Consequently, the cokernels of the 
middle and the third vertical arrows are isomorphic. These complete the proof of 
the Lemma. □ 

We now determine the image sheaf of the third vertical arrow in (7.3). Let 
£ = [u,C] E M Q be a closed point. By the description of M , C — E U R such 
that E (resp. R) is a nodal genus one curve (resp. R = P 1 ) and p = E n R is 
a node of C, and that u\e — const, and u\r : R — > P 4 is a regular embedding. 
Let £ € M be the image of £ under the tautological M — > A4; let v G Tm,z be 
a non-zero vector normal to M^) C A4. According to the obstruction theory, the 
image of H 1 (cj) x j M )\$ in H 1 (E X /M)\i 1S the linear span of the image of v under 
the composite 

(7.6) ob p4 : #°((L^) V | £ ) — > H 1 ((i^ o/A4 ) v | £ ) -> ^(^/Mk) 

induced by the obstruction theory <j>x/M (it is the obstruction assignment map). 
Because u\e is constant, we have 

H\E X/M \{) = H\u*T v .) = H\0 E ) ® c (u*T P *)\ p = H\0 E ) ®c T P , Mp) . 

Lemma 7.3. The linear span of the image of v G i?°((L^ /1 ) v |^) m iJ 1 (S^/^|^) 
is the subspace 

H^Oe) ® c u*{T R . p ) C ^(Ob) ®C 2p* iti(l)) . 

Proof. Let i7 = it(ii) C P 4 . Since u\r is a regular embedding, H C P 4 is a 
smooth curve. We let u' : C -> # be the factorization of u : C -> P 4 . Thus 
£' = [«', C] G Mi(H, d'), where d' = u'„[R] G # 2 (-ff, Z). We let Mi(JT, <f ) -> M be 
the tautological projection; thus £ € A4 is also the image of £'. 

bmcc if = P 1 , it is known that there is no first order deformation of [it', C] in 
Mi(H,d') whose image in T^M is v (cf. [Zil], [HL1]). Thus the image of v under 
the obstruction assignment 

oh H : H a ((L' M ) v )\^) — ► ^(^(H.do/^le) = ^(Ob) ®c 7W (p) 

is non-zero. Since dimif^Oe) = dimT H y^ = 1, the linear span of ob_y(w) is 
H\<D E )®cT HtU , {p) . 

Then, because the obstruction theories of moduli of stable morphisms to schemes 
are compatible via morphisms between schemes, we conclude that the linear span 
of the image obp<i(z;) C -ff^-E^/A-flc) is identical to the image of the linear span of 
obf/(u') under the canonical 

^(E-M^H.d^/Mk') > Hl ( E M 1 (F*,d)/Mk) = Hl ( E X/Mk)- 

Adding T HiU ,^ p ) = m*(Tr iP ) as subspace in Xp4 iM ( p ), we prove the Lemma. □ 

We consider H 1 ((L' Mo , T> ) v ) -> H 1 (E x / T ,\ Mo ) = V\\m of the middle vertical 
arrow in (7.3). By Lemma 7.2, H 1 ((L' Mo i V Y) is a rank two locally free sheaf 
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on M , and the arrow is injective with locally free cokcrncl. Let S C Vi|m be 
associated sub- vector bundle. 

We continue to denote by 7 : W — s> M the projection (cf. Section five). We let 
W = W x M M and % : W Q -> M Q the projection. Recall that V\ = 7*^1 
Thus S C Pi I m provides a subbundle 

(7-7) 5 =7o*5o(- J D 00 )cF 1 | Wo . 

We let 

vo : Fi I Wo -> F| Wo = (Fi e F 2 ) I Wo 

be the inclusion; let j : W — > W be the open embedding, which is flat. Recall 
= iV^7 d b C(d) (cf. before (6.6), see also (6.8)). 

Lemma 7.4. ^4s cycles, we have 

(7.8) ic*[%)]=»?c*[5o]e^(Fi| Wo ). 

Proof. Lemma 7.1 shows that Ct^) x w W q is a rank two subbundle of V|vk - By 
Proposition 6.1 and Lemma 5.4, we have C^),b C V 2 , C(d),b I" 1 V%\w = ^2 x w 
and C (d ) ~XjyW is a rank two subbundle of VJjy^. Further, they fit into the 
commutative diagram (the left one is a Cartesian product) 

Oy XpjrWo ► C (d) X W W Q > So 



v,\ Wo ^ v\ Wo = (V, ®v 2 )\ Wa ^ v 1 \ Wo , 

where an d 02\w o are the obvious inclusion and projection, which implies 

that 

R{d) x^TFo - (Nc (dhb C {d) ) x w W = vo(So) cV\ Wo . 

Since j : TUo is an open embedding, 

Jo *[i? (d) ] = x^F/o] - foo (&)] - r?o*[5 ] e ^(Fi| Wo )- 

This proves the Lemma. □ 

We pick a degree d regular embedding h : P 1 — > P 4 , viewed as a closed point in 
B(d) =Mo(P 4 ,'i)- We form 

M ft = {[u, C] G Mo = /i} C M . 

Using the convention introduced in the proof of Lemma 6.4, we have that Wm) U 

F(d) C ^2,(d)> where W(<j) is the zero-section of V 2 ,(d)- We f° rm Wh — W Xm Mh 
and the inclusions 

jh ■■ W h — > F/ (d) U F (d) , and J fc : V 1 \ Wh — ► Fi x W(<() (W (d) U F (d) ), 

where the last term is viewed as a vector bundle over W(d) U Since j/i(Wh) (~l 
= 0, both jh and Jh are proper, regular embeddings; thus the Gysin map j' h 
and J' h are well-defined. 

Lemma 7.5. TTie constant c in in (7.1) is giwen &y i/ie degree c = deg e{j^V 1 / j^S Q ) ■ 
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Proof. Let 4>h ■ Wh — > [h] be the projection to the point, and let <f>^ be the 
projection that fits into the Cartesian product 

w h z (d) = w (d) yjF (d) 

4>(d) 

[h] B (d) . 

(Here 4>(d) 1& the composite of Zt^ Wu\ mentioned after (6.7), the morphism 
7(d) : W( d ) -> ^(d), and the : <V( d) -> constructed in (6.9).) 
Since 3 h{W h )C\F {d) = 0, j h [P (d)a ] = 0. Thus 

3h[P(d)A=3h([P(d)A + [P(d),2]) = J'fcOL 
Since Gysin maps commute, we obtain 

= .^0V Md) [i?( d )] = 0;., Fi [4% } ] = 0;. Vi [5 o | w J - eUtVi/jlSo). 
On the other hand, since the Gysin maps commute with proper push-forwards, 

4>h*{e{itV l /j* h S )) = (t>h*(jh[ p (d),i\) = ih{4>{d)*[ p (d),i]) = 4( c [#(d)D = c. 
This proves the Lemma. □ 

Finally, we evaluate c. Let £ — » M\,\ with s\ : M\ t i — > £ be the universal family 
of (the moduli of pointed elliptic curves) M\ t \. We form 

ip : B = M M xP'A M h C M 

as follows. Let q\ and q 2 be the first and the second projections of B. We denote 
q\£ = £ Xjjj i £> with qlsi : B — > q{£ be the pullback section of s\. Over P 1 , we 
form 7Z = P 1 x P 1 — > P 1 (the second projection) the constant family of P 1 over 
P 1 , and let s 2 : P 1 -> ft be its section so that the image s 2 (P 1 ) C P 1 x P 1 is the 
diagonal. We let q 2 lZ — > B with q 2 s 2 : B ^ q 2 lZ the pullback family with section. 
We then glue qlsi(B) C #*£ with q 2 s 2 (B) C g 2 ft to form a S-family of genus one 
nodal curves, denoted by ttb ■ Cb — > B. We define Jb ■ Cb — > P 4 be the composite 

/s ■ C B = q{£ U q* 2 U ^4 q*TZ Ap'Ap 4 , 

where the first arrow is contracting q\£, namely it maps q\£ onto q\si{E) C <7|7?. 
and is the identity on q 2 lZ; P r i s the projection to the fiber of the constant family 
q*K -)■ P 1 , and h is the map we picked. 

It is clear that (7Tb,/b) : Cb — > -B x P 4 is a family of stable morphisms in 
X = Mi(F 4 ,d), thus induces a morphism B — > X that factors through Mh C 
and induces an isomorphism B = M^. In the following, we will not distinguish B 
from Mh] in particular, (Cb, /b) is the tautological family on £> = C A 1 . 

Let Hb = ttb*WCb/b — {R 1 ^b*Oc b ) V be the Hodge bundle over B. Using the 
family (Cb, /b), and because of (7.3), Lemma 7.2 and Lemma 7.3 , we have 

(Vi/S )\ Mh = Kg ®0 B q* 2 (h*T P ,/T P i) = 'Kl ® 0b q* 2 N R/P ,, 

where R = /i(P x ) C P 4 , and N R/P 4 is the normal bundle to R in P 4 . Also, for the 
line bundle L on M defined before (5.14) and giving W — Total(L), we have 

L B := L\ Mh = n B *(f B 0(-5) ® w Cb/ b) = W B ®o B (q^s 2 )* f* B 0(-5). 
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Thus, W h = P B {L B © Ob), and for j h : W h -S- Z (d) D W (d) , we have D B := 
F(0 © Ob) = jh 1 (D QO ). Following the construction of V\ and S a , we have 

(7.9) jhVi/jtfo = r h (q* 2 N R/P , ® K)(-Db). 

Let £ G and £ G be defined via ci(JC) = and c(T P i) = 1 + 2£, 

where JC is the Hodge bundle on M\^. We calculate c(/i*T P 4) = 1 + 5d£, and 
c{N R/1 *) = 1 + (5d - 2)£. Let £ = 7^*^ and C = 7*^ G ^W/, be pullbacks of £ 
and £ via lU/i to P 1 and to M^i, respectively. We calculate 

(7.10) c(7^2^/p4)-l + (5rf-2K and c (7* g *Jf v ) = 1 _ _L^. 

Let F e A 2 Wh be the Poincarc dual of the fiber class of 7^ : Wh -> M^. Using 
£C = F and £ 2 = C 2 = 0, (7.10) gives 

c(%(qSN R/r t ® 9l M v )) = 1 + ((5d - 2)£- ^C) - ■ F. 

Hence the euler class 

(7.11) eifnVi/j^o) = [-D B f + ((5d - 2)£- ±0 ■ [^s] 2 - (5d - 2)/12 • F • [D B ]. 

(Here we view [D B ] £ A 1 Wh as the Poincare dual of the cycle D B in Wh-) 

Let t : D B B = Mh be the projection (isomorphism). We compute each term. 
First, direct calculations give CiWr> B /w h ] = ^ T *l2^ ~ j4 T * ( li^ a ' I^s] 2 = "2T> 
and 6 • [L> B ] 2 = 5d. Thus the middle term in (7.11) is ^ - ^. The Ci[-/V Djj/W J 
just calculated implies [L>b] • = ^ and [D B ] • r*g*C = 5d. Using [D B f = 

CiI^WwJ; we obtain -[^] 3 = -[DbY ■ [Db] = M + M = fl- Finally, we 
calculate _M_|H£1 . (-[D B ]) = Hence (7.11) is equal to -±. By Lemma 

7.5, c = — 

Proof of Proposition 3.6. By (6.6), Lemma 6.4 and (7.2) we conclude 

(— l) 5d 

deg0l iloc [C (d) ] =0y 2(d) [P(d),i] = c-degc 5d+1 (X {d) )[B (d) ) = l^-7V (d) Q . 

This completes the algebro-geometric proof of the hyperplane property of the re- 
duced genus one GW-invariants of the quintics. □ 
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